Life Insurance Mathematics

Life annuities?

Jan Dhaene

IBased on Chapter 5 in 'Actuarial Mathematics for Life Contingent Risks’
by David C.M. Dickson, Mary R. Hardy and Howard R. Waters, Cambridge
University Press, 2020 (third edition).
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5.1 Summary

@ Life contingent annuities:

e Whole life annuities vs. term annuities.
e Annuities-due vs. immediate annuities.
e Annuities payable yearly, 1/ m-thly or continuously.

@ Actuarial valuation of life contingent annuities:

o EPV of life annuity benefit cash flows.
e Actuarial notation.
e Continuous valuation via Ty.

@ Discrete valuation via Ky or Kém).
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5.2 Introduction

@ Life annuity: series of payments as long as a given person is
alive on the payment dates.

@ Payments:

e at regular intervals,
o (usually) of the same amount.

@ Used for calculating:

@ pension benefits,
@ premiums,
e policy values.
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What is the relation between this grafitti painting (Brussels,
January 2017) and life annuities?
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5.2 Introduction

'By providing financial protection against the major 18th and 19th
century risk of dying too soon, life assurance became the biggest

financial industry..., providing financial protection against the new
risk of not dying soon enough may well become the next century's

major and most profitable financial industry.’
(Peter Drucker, The Economist, 1999)

... AND IF YOU FUND
A GIFT ANNUITY, I'LL
BRING YOU COOKIES
EVERY YEAR FOR THE
REST OF YOUR LIFE.
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.2 Introduction
Why buying a life annuity?

Helping to Make Retirement
Dreams Come lrue
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5.2 Introduction

Life annuity sale
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5.2 Introduction

To buy or not to buy?
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5.2 Introduction

To buy or not to buy?

Advertizamant

“I HATE Aniiuities,
And you should too.”

Ken Fisher :

L ECY, Fsher Investments

oy - REE

Get 7-page Annuity Insights.

Click Here for
FREE Download Now

FISHER INVESTMENTS®

Portfolios
ling higher
My Portfolio - hide Mkt Cap
ANX 1,639.00 -17.78 (-1.07%)
MNDX 3,078.99 43.68 (-1.40%)

Annuities
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5.3 Review of annuities-certain
Cash flow notations

@ The series of cash flows (cx, k), k=m, ..., n, is denoted by:
. . ... sz . .
ZZ:m (Ck' k) — + +—>
m 173 n

@ [he continuous stream of payments ¢; dT in any infinitesimal
subinterval (T, T+ dT) of (s, t), is denoted by:
. €36 L,
t
fs (cedT, T)| 4 A e 4
% 6 JS+dd &

>

@ Convention:

Xn: (ck, k) = (0,0) if m> n and /t (czdt, T) =(0,0) if s >t

k=m
@ In previous notations, m, n, ¢k, ¢¢, s and t may be
deterministic or random.

@ Similar notations and conventions for series of cash flows with
1/ m-thly payments.
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5.3 Review of annuities-certain
@ Annuity-due:

-1

PVIQZ,._Q 6/523:‘ = éTﬂ =14+v4+.. 4+ Vn—1 — d (51) >

@ Annuity-immediate:

= /
@ Continuous annuity:
L.
— n 1 ___.,h
p{/l j (OILL’ éjj = an = / vidt = Y (52)—‘5
% 0 )
@ Annuity-due with 1/m-thly payments:
MmN ~1
m 1 _ 1 — v"
PVIZ(E;,%):@():—(1+v%+...+v” %): Y
SN n| m d(m)

® Annuity-immediate with 1/m-thly payments:

=" 7 1 1 1 1 — "
PVIZN(%,%L =dgy = — (VE—I—...—I—V”_E—I—V”) = —

N\
N——"

m
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5.4 Annual life annuities ——+——+— s REWERT

5.4.1 Whole life annuity-due (1) (<) A4 NA2 2+ Ky + R&E

o Consider an annuity underwritten to (x) at time 0. It pays 1
annually in advance as long as (x) is alive.
@ Benefit cash flow:

Kx

) (1K)

k=0
@ A whole life annuity only 'dies’ when the insured dies.

| ONE OF THE
7, Go0D THINGS Asour
LIVING SO LONG, IS THAT
g TMUPSETTING THE PEOPL E
7 WHo EEE BAYING MY
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5.4 Annual life annuities
5.4.1 Whole life annuity-due (1)

e Consider an annuity underwritten to (x) at time 0. It pays 1
annually in advance as long as (x) is alive.

@ Benefit cash flow:

Kx

Y (1, k)
k=0
@ Present value: @- 1) L A+V - | m
. . . ..f..o?—- :
ol,
K\/ 1_ X—l.j]’-
Y:1—|—v—|—...—|—vX:éKX+1|: "

@ Actuanal value:

1— %[VKX+1]

iy = E[Y] = —L—1 = =& (5.3)
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5.4 Annual life annuities
5.4.1 Whole life annuity-due (2)

@ Benefit cash flow: /‘7 {Tv&éf N Y

@ Present value:

@ Actuarial value; b f%)_f,

5 =E[Y] = L0 v' ops (5.5)

15 /75



5.4 Annual life annuities
5.4.1 Whole life annuity-due (2)

Time | 1 2 3
Amount I | | |
[Mscount | ik e 3
Probability I Py 2P 3y

Figure 5.1 Time-hne diagram for whole life annumity-due.
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5.4 Annual life annuities
5.4.1 Whole life annuity-due (3)

@ Benefit cash flow:

@ Present value:

@ Actuarial value:

ax =E[Y]| = Yilodgg X kGx
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5.4 Annual life annuities

Example 5.1

@ Show algebraically that

o0 o0
. B k
/(Z%)akJrlX k\CIX—kZ%)V k Px

@ Proof:

|
72
VR
M»
<“I—
N——
X
=~
>

0,0)
2 1] k|9x
k=0

k=0 \t=0
= ) v (Z qu>
t=0 k=t

|
72
<f‘l-
o
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5.4 Annual life annuities 14 A4 e 17: _BEwgFIT
: T
5.4.2 Term annuity-due (1) <) . Xtm-z  XER
e Consider an annuity underwritten to (x) at time 0. It pays 1
at times 0,1,...,n— 1, provided (x) is alive.
@ Benefit cash flow:
min(Ky,n—1)
Y (L,t)
t=0
@ Present value: (,5"1
_ ,min(Kx+1,n)
_ min(Ky,n—1) } y . 1 4
Y=14v+..+vV _amin(KX—I—l,n)|_ "
@ Actuarial value: omolowme b
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5.4 Annual life annuities
5.4.2 Term annuity-due (2)

@ Benefit cash flow:

min(Kyx,n—1) n—1
>, (Lt)=) (Lron. )
t=0 t=0

@ Present value:

n—1
Y — Z Vt 1{Tx>t}
t=0

@ Actuarial value:

dx: ] ngc [ ] Zt 0 v t Px (5-8)

20/ 75



5.4 Annual life annuities
5.4.2 Term annuity-due (2)

Time 0 1 2 3 n-1 n
Amount | |
thﬂhlhl_}! | Px 1y 3Py 1P

Figure 5.2 Time-line diagram for term life annuity-due.
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5.4 Annual life annuities
5.4.2 Term annuity-due (3)

@ Benefit cash flow:

@ Present value:

@ Actuarial value:

ax:m

ElY] =),

_q .. .
=0 9%+1] X k\qx‘|‘ nPx X an
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5.4 Annual life annuities 1 - T .- BEVEFRiT
5.4.3 Immediate life annuities (c) xr'fi ;c-f)\

@ Consider a whole life immediate annuity underwritten to

(x) at time 0. It pays 1 annually in arrear, as long as (x) is
alive.

@ Benefit cash flow:

K, 00
(L) =) (Lr>ep )
t=1 t=1
@ Present value:
Y* — Z Vt 1{Tx>t}
t—1
@ Actuarial value:
2, T E[Y*] =3, —1 (5.9)
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5.4 Annual life annuities

5.4.3 Immediate life annuities

Time i 1 2 3
Amount | ] ]
[Mscount v il 3
Probability Iy 2P 3P

Figure 3.3 Time-line diagram for whole life immediate annuity.
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SRV I VAL

5.4 Annual lite annuities A 71 Bewerimr
5.4.3 Immediate life annuities j 3 ' =
o (>L) il T X+ -
@ Consider a n-year term immediate annuity underwritten to
(x) at time 0. It pays 1 at times 1,2, ..., n, provided (x) is

alive.
@ Benefit cash flow:

min(Ky,n) n
y. (Lt)=) (Y7o t)
t=1 t=1

@ Present value:

Y* — Z Vt 1{Tx>t}
t=1

@ Actuarial value:

aem = E[Y*] =Y, vl py (5.11)

@ Relation:

dx:n — éx:m — 14 V" n Px (512)
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5.4 Annual life annuities

5.4.4 Immediate life annuities

Time

Amount
Dhscount

Probability

0 1 2 3 n-1
| | |
i 0 T pi—1
Px 2Px 3Px n—1Px

Figure 3.4 Time-lhine diagram for term hife immediate annuaty.

T

nPx
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5.4 Annual life annuities

Some history

Johan de Witt (1671) Edmond Halley (1693).
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5.4 Annual life annuities

Some history

@ In second half of 17th century, states and cities often raised
money for public purposes by the sale of lifelong annuities to
their residents. This led to huge unfunded liabilities.

e Johan de Witt (1625 - 1672):

o First to use a (hypothetical) life table and interest rates to
determine the value of a life annuity:

o Waardye van Lijfrenten naar Proportie van Los Renten (1671).

e At that time, he was prime minister of the State of Holland.
e In 1672, he and his brother were cruelly lynched by Orangists.
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5.4 Annual life annuities
Some history

e Edmond Halley (1656 - 1742):

e Was in 1690 asked by the Royal Society In London to estimate
the value of the liabilities related to lifelong annuities.
In 1693, he published an article in 'Phylosophical Transactions

of the Royal Society’, in which

@ he displayed one of the first reliable lifetables based on

demographic data,

@ and used these mortality rates and interest rates to determine

the value of a life annuity.

e Assisted and motivated Isaac Newton to publish his famous

book 'Principles’.

HAI!'EEV ET NEWTDN :
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5.5 Annuities payable continuously

Whole life continuous annuity (1)

@ Consider an annuity underwritten to (x) at time 0. It pays
continuously at a rate of 1 per year as long as (x) is alive.

/OTX (dt, t)

@ Benefit cash flow:

N
@ Present value: (52): S‘ ,D_éo(/{\ - 547 . A=V
T ° . )
X 1 — v Ix
Y — : dt — — 513
/o Y T 5 (5.13)

@ Actuarial value:

ElY]=——="5 (5.14)
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5.5 Annuities payable continuously

Whole life continuous annuity (2)

@ Benefit cash flow:

@ Present value:

@ Actuarial value:

ax=E[Y]= [ e ;py dt (5.15)
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5.5 Annuities payable continuously

Whole life continuous annuity (2)

Time { t t+dt
\ J
Amount di
Dhiscount gl
Probability iPx

Figure 3.5 Time-line diagram for continuous whole hie annuity.
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5.5 Annuities payable continuously

Whole life continuous annuity (3)

@ Benefit cash flow:

@ Present value:

@ Actuarial value:

ax =1 [Y] — fooo éﬂ tPx Myt dt
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5.5 Annuities payable continuously

Term continuous annuity (1)

o Consider an annuity underwritten to (x) at time 0. It pays
continuously at a rate of 1 per year, for a period of n years
and provided (x) is alive.

@ Benefit cash flow:

min( Ty, n)
/ (dt, t)
0

@ Present value:

v _ min( Ty, n) Y e B
o /O € L= amin(TX,n)‘ o

@ Actuarial value:

e T E[Y] = —L = 2 (5.16)
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5.5 Annuities payable continuously

Term continuous annuity (2)

@ Benefit cash flow:

min( Ty, n) n
/0 (dt, t) :/0 (Ii7,>p dt, t)

@ Present value:

Y :/O e_(St 1{Tx>t} dt

@ Actuarial value:

aem=E[Y] = [) e ipe dt (5.17)
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5.5 Annuities payable continuously

Term continuous annuity (3)

@ Benefit cash flow:

min( Ty, n)
/ (dt, t)
0

@ Present value:

min(Tx, n) Y B
Y = / e " dt =3
0

@ Actuarial value:

min(TX,n)‘

EXIm — ]E [Y] y — fon éﬂ th ]/tX—l—t dt+5m>< an
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5.6 Annuities payable 1/m-thly

5.6.1 Introduction

o Recall: Future lifetime of (x) in years, rounded down to the
lower 1/m-th of the year:

(my _ 1
K, '~ = mLmTXJ

@ Recall: Annuity-due with 1/ m-thly payments:

J+1

_ ¢ 1 —vm
P\/Z Z (:4%, /%B]: 3( Z Vk/m — d(";) C*)




5.6 Annuities payable 1/m-thly

5.6.2 Whole life annuities payable 1/m-thly (1)

e Consider an annuity underwritten to (x) at time 0. It pays an
amount of 1 per year, payable in advance m times per year,

throughout the lifetime of (x). - -

@ Benefit cash flow: _— o
(m)
= \m m
@ Present value: #) ot pem K{’”’)
(m) (m) | 1
1 mKX ) 1 o VKX —I_E
Y — — Vk/m — a(m) _
m = Kﬁm)—l—l/m‘ d(m)
@ Actuarial value:
.. (m) not. e VK)gm)jL% 1AM
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5.6 Annuities payable 1/m-thly

5.6.2 Whole life annuities payable 1/m-thly (2)

@ Actuarial value:

m

" =Ly vt/m o, (5.19)

@ Annuity-immediate vs. annuity-due:

ay = = Ay (5.20)
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5.6 Annuities payable 1/m-thly

5.6.2 Whole life annuities payable 1/m-thly (2)

Time 1 1/m 2m m 4'm

Amount |/m I/m I/m |/m I/m

Discount 1 ol S plim plfm o

Probability 1 1 Px 2 Px 1P 4 Px
i M 7 M

Figure 3.6 Time-line diagram for whole Life 1/mthly annuity-due.
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5.6 Annuities payable 1/m-thly

5.6.2 Whole lif iti ble 1/m-thly: | —
ole life annuities payable 1/m-thly: example _EIJ [‘S’a]g >

@ In 1965, at age 90, Jeanne Calment sold her apartment by a
life annuity sale.

@ The buyer, André-Francois Raffray, was going to receive the
apartment at the death of the seller:

1
(apartment, Kg(éQ) | 12)

@ In return, Jeanne was going to receive a whole life annuity of
2500 fr. per month:

12K L
2500, —
b (500.5)

k=0

@ Jeann Calment died in 1997, aged 122.
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5.6 Annuities payable 1/m-thly

Term annuities payable 1/m-thly (1)

e Consider an annuity underwritten to (x) at time 0, paying 1
per year, payable in advance m times per year, throughout the
lifetime of (x), limited to a maximum of n years.

@ Benefit cash flow: >Dz~/mwczm Hof ™ o o - Z)
an 92 /,_ (‘/}%\4-4/
min(mKém), mn—l) = = w
Z 1 k
e m m
. () B
@ Present value: M(}/_ (o LT e -2
(m)
min( K"’ +1/m, n
Y :ﬁ> BEETAL )
min(K)Sm)—l—l/m,n)‘ d(m)
@ Actuarial value:
(m)
( ) | me(K +1/m n) . A(m)
.. (m) not. o i W
3. E|Y]| = ) — d(m)” (5.21)

42 / 75



5.6 Annuities payable 1/m-thly

Term annuities payable 1/m-thly (2)

_ H=m. . n -~ LN T2 _ -
@ Actuarial value: /7 TS oy az 7
m) 1 mn—1 _r/m
= Yo VT Lpy (5.22)

T (1 —v" ,px) (5.23)
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5.6 Annuities payable 1/m-thly

Term annuities payable 1/m-thly (2)

Time ] 1/'m 2m 3/'m 4'm n-1/-n

Amount |/m 1/m l/'m l/m 1/'m l/m

Discount | . 1/m r_:F‘.,q"r:ll 1 3/m _?_:,4 Jm o 1/m

Probabality I 1Px 2 Px 1 Pr Yy o 1Px
M i1 M M M

Figure 5.7 Time-line diagram for term life 1 /mthly annuity-due.
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5.7 Comparison of annuities by payment frequency

(4)

, T ) - (4) 5w
Table 5.1. Values of a., ay ', ax, ay  and ay.

, (4) = w(4)
A Uy Iy dy ay dy

20 8.966 9.338 19.462 19.588 19.966
40 7.458 7.829 17.954 18.079 18.458
60 3.904 4.2735 14.400 14.525 4.904
80) 7.548 1.917 8.042 8.167 8.548

@ lechnical basis:
Standard Ultimate Survival Model and interest of 5%.

@ Ordering:

4 _ . (4 ..
aX<a>(<)<aX<a>(<)<aX

@ Reasons for this ordering:

e Time value of money.
e Payments only due upon survival.
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5.7 Comparison of annuities by payment frequency

Example 5.2

@ Calculate values of

a a3 5(%)
x:101" “%.70]" “x:101" “x:10) x:10]

for x = 20, 40, 60 and 80.

@ lechnical basis:

e Mortality: Standard Ultimate Survival Model.
o Interest: 5%.
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5.7 Comparison of annuities by payment frequency

Example 5.2

Solution:

Ii. l} - S,_.- e L’ _J“" J . ' ﬁ( |
et alues of Ak “,1': 10’

C J.l‘ m :

a®_ and i
X :m -1‘:m|‘

20
40
60
80

470

1.711
7.696
1.534
6.128

a'?
x:10]
LB
7.841
7.691
e T

4 10]

7.904
7.889
7.743
6.456

HFH

'x:10]

1.952
7.938
1.796
6.539

T

8.099
8.086
71.956
6.789
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Life annuities
Samuel Huebner (1882 - 1964)

@ 'Annuitants are long livers. Freedom from financial worry and
fear, and contentment with a double income, are conducive to
longevity. ... | am inclined to believe that annuities serve In
old age, much the same economic purpose that periodic
medical examinations do during the working years of life.’

e 'Why exist on $600, assuming 3% interest on $20 000, and
then live in fear, when $1 600 may be obtained annually at age
65, through an annuity for all of life and minus all the fear?

MWW

20 ap £ 3Y, = 60D
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5.8 Detferred annuities . SORVIyA,
- L 7 JECI Bf"/EF/'T‘S
L t ? | f } , >
/ [ l l / |
O 1 C U-17 U U1 UT2 : TIMNE
o Consider an annuity underwritten to (x) at time 0, with
litelong anual payments of 1 in advance, commencing at age

x + u (u is a non-negative integer).

@ Benefit cash flow:

Y (1K)

k=u

@ Actuarial value:

3 = 3 — 8, . (5.25)

@ Relation via actuarial discounting:

u|éX = uEx Ax -ty (526) —
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5.8 Deferred annuities

Time ] 1
Amount 0 0
[scount |\ ol
Probability |\ | Px

Figure 3.8 Time-line diagram for deferred annual annuity-due.

u-1 u u+l
0 |

pii—1 i i1
u—1Px wfx u+1Px
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5.8 Deferred annuities

Some more relations

@ Deferred term immediate annuity:

ul9x:nl = uEx X ax u:n|

@ Deferred annuity-due payable 1/ m-thly:
(m) _ (m)

u\éx — uEx X dyiy

@ Term annuity-due:

dy:; = dx — nEx X dx+n
@ Term annuity-due payable 1/ m-thly:
. (m) (m) (m)

a1 = dx = — ~E, X ayi'n

@ Term-annuity with continuous payments:

n—1

ax:m = Z U\éxzﬂ
| B u=>0

(5.27)

(5.28)

(5.29)

(5.31)
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5.8 Deferred annuities

Example 5.3

@ Consider the following notations:

e Y1 = PV r.v. of a u-year deferred whole life annuity-due,
e Yo = PV r.v. of a u-year term annuity-due,
o Y3 = PV r.v. of a whole life annuity-due.

@ Show that
Y3=Y1+ Y5

@ Assume annual payments.
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5.8 Deferred annuities

Increasing retirement age

/" WRONG QUEUE MR. Nl
GRIMLEY-THIS 1S

PENSIONS - You're

ONLY §3
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5.8 Deferred annuities

Increasing retirement age

@ lechnical basis:

o Mortality: Standard Ultimate Survival Model.
o Interest: 3%.

@ Pension reform: pension age Is increased from 65 to 67.
@ AV at age 65 of pension of 1 per year:

e when pension starts at age 65:
e when pension starts at age 67:

2365 = 14.474

o Relative decrease of pension liability for (65):

oo . 0 oo

o In addition, (65) has to pay social security contributions
between ages 65 and 67.
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5.9 Guaranteed annuities

e Consider an annuity-due of 1 per year annually to (x), which
is guaranteed for a period of n years.
@ Benefit cash flow:

n—1 K,
Y (1, k)+ ) (1, k)
k=0 k=n
@ Present value:
K
Y = dn —+ Z Vk
k=n
@ Actuarial value:
i = "E E[Y] = am+ nEx X dxts (5.32)

@ Guaranteed annuity with monthly payments:

not. .. (1 12
02 500 4, 1
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5.9 Guaranteed annuities

Time { 1 2 n-1 n n+1
Amount | | ] |\ ]

[Mscount | o] e o1 T i+l
Probabality | | ﬂ v e e | aPx wi 1 Px

Figure 3.9 Time-line diagram for guaranteed annual annuity-due.
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5.9 Guaranteed annuities

Example 5.4

@ A pension plan member is entitled to a pension with EPV
given by

12 000 x 3

@ Alternatively, he can opt for a guaranteed annuity with EPV
given by

. (12)
12 B X 365:m

@ Determine B, such that both EPV's are equal. D £ {o0o I

@ lechnical basis:

o Mortality: Standard Ultimate Survival Model.
o Interest: 5%.

57 / 75



5.10 Increasing annuities

5.10.1 Arithmetically increasing annuities . SCVRVIVA L
7 2 > L P . BEA/EFir-
f b ! +— >
O 4 2 3 e ST IAME

@ Consider an increasing annuity-due with a payment of t + 1 at
times t =0,1,2,... provided (x) is alive at time t.

@ Benefit cash flow:

Y ((t+1) x L7560 t)
t=0
@ Actuarial value;
(13), "= L2 vt (t+1) py (5.33)
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5.10 Increasing annuities

5.10.1 Arithmetically increasing annuities

Time 0 1 2 3 4
Amount 2 3 4 3
I hscount | T - e o
Probability Iw 1P 2Px 3Px 4P

Figure 3.10 Time-lne diagram for arithmetically increasing annual annuity-due.
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5.10 Increasing annuities

5.10.1 Arithmetically increasing annuities - SURVI Y - ‘
- AL  Bewve R
A 2 3L s &
L [ f f |
| | l l ' — .
Q < z c e . N~ L : [ IHE

@ Consider an increasing annuity-due with a payment of t + 1 at
timest =0,1,2,...,n—1, provided (x) is alive at time t.

@ Benefit cash flow:

n—1
Y ((t+1) X Li7,>e), )
t=0
@ Actuarial value;
(13) "= LiZg V! (E+1) epy (5.34)
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5.10 Increasing annuities

5.10.1 Arithmetically increasing annuities

@ Consider a continuous annuity, with a total payment equal to
t in the t-th year, t = 1,2,..., n, equally spread over the
year, provided (x) is alive.

@ Benefit cash flow:

um CTo )

/On(LtJrlj X lir,~py dt, t) :J/@"L*U*Qu_f)

O

@ Actuarial value:

— not. n— —
(Ia)xznl — Z:mle (m_l_ 1) m\ax:ﬂ
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5.10 Increasing annuities

5.10.1 Arithmetically increasing annuities

@ Consider a continuous annuity, with a payment of t dt in the
dt), 0 < t < n, provided (x) is alive.

interval (t,t

@ Benefit cash flow:

@ Actuarnial value:

W CT‘I_/M )

/0 (t X 1y7,opy dt, t) =

’

(/1

d

)X:m not. fon t e %t ,p, dt

@@w,e)

(5.35)
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5.10 Increasing annuities

5.10.1 Arithmetically increasing annuities

Time 0 i t+dt
\ J
Amount
Discount g
Probability P

Figure 53.11 Time-ling diagram for increasing continuous whole hife annuaty.

C__‘a

2C
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5.10 Increasing annuities

5.10.2 Geometrically increasing annuities _

T )”L . SORVIVAL
Example 5.5 (”*‘43 @‘W s | BENER i T
0 2 ' -t A /\ TIHE

@ Consider an annwty due Wlth annual payments where the
amount of the annuity is (14 )" at times

t=20,1,2,...,n—1, provided (x) is alive at that time.
@ Benefit cash flow:

n—1

Z%) ((1 ‘|‘j)t X ler ~o t)
F—

@ Show that the EPV of this cash flow is given by:

with
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5.10 Increasing annuities

5.10.2 Geometrically increasing annuities

Example 5.5

Time 0 1 2 ] 4
Amount | (1+)) (1 +j)° 1+ (1 +j)y*
Discount ] v - o '
Probabihity | | Px 2Px iPx 4Px

Figure 5.12 Time-line diagram for geometrically increasing annual annuity-due.
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H.11 Evaluating annuity functions

5.11.1 Recursions

@ Let w be the first integer age such that /[, = 0. Then,

Qu—1 = 1

@ Yearly annuity-due:

e Initial value: 3,1 = 1.
e Backward recursion: for x =w —2, w—3,...,

dxy = 14+ Vv px ax+1 (5-36) —>
e 1/ m-thly annuity-due:
o Initial value: 37 =1
e Backward recursion: for x = w — % W — % .....
.(m) _ 1 1/m (M) 5 37
dx m TV 1/mPx 9511 /m (5.37)
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5.11 Evaluating annuity functions
5.11.2 Applying the UDD assumption

@ How to evaluate the EPV of 1/ m-thly and continuous
annuities, given only the EPVs of yearly annuities?

@ Recall:
A2 A and A2 SA,
j(m) 0
and
L 1-Ac m 1A 1A
WE T T gm0 T
@ Lifelong annuity-due with 1/ m-thly payments:
5™ 2w (m) 3, — B (m)
with
id j—itm)
a(m) = PP and B(m) = ) ) (5.38)
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5.11 Evaluating annuity functions
5.11.2 Applying the UDD assumption

@ Limiting values:

5= lim i'™ = lim 4™

nm—~00 n—o0

@ Lifelong annuity with continuous payments:

- UbD jq . i—0
dy — (5—2 ax . ——\>
@ Term annuity-due with 1/ m-thly payments:
. (m) UDD .
dyn = “(m) dy.m T (m) (1 - ”EX) (5'39) =
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5.11 Evaluating annuity functions
5.11.2 Applying the UDD assumption

@ Approximations for & (m) and B (m):

m—1
~ 1 d a2
w(m)~1 and  p(m)~ T
@ Approximation for 1/ m-thly annuity:
éx,:nm) ~ éx:m Ig;vl (1 - ”EX)

@ Approximation for continuous annuity:

( A2Re_ Eor "7"{§>
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5.11 Evaluating annuity functions
5.11.3 Woolhouse's formula (read in book)
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5.12 Numerical illustrations

10Ex)

@ [echnical basis:
e Mortality: Standard Ultimate Survival Model.
Interest: 1 = 0.1
Table 5.3. Values of a' Jori=10.1,
1_1
x  Exat UDD W2 wy s
20 6.4655 6.4655 64704 64655 64655
30 6.4630 64630 64679 64630 64630
40 64550 6.4550 6.4599 64550 6.4550
50 64295 64294 64344 64295 64295
60 63485 63482 63535 63485  6.3485
70 6.0991 6.0982 6.1044 60990 6.0990
80 5.4003 53980 54073 54003 54003
00 3.8975 3.8997 39117 3.8975 3.8975
100 2.0497 2.0699 2.0842 2.0497 2.0496
. (12)
@ Exact: 3
x:10]
12) UDD
o UDD: 3 12 —B(12) (1 —
vt = 4(12)a = B(12)
. (12) . 11
o W2: 3 ~ 3 1— 1oE
W2: 8, 1™ 8,19~ 28 (1~ 10E)

(5‘.39)

('f?-éwz)
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5.12 Numerical illustrations

@ lechnical basis:

o Mortality: Standard Ultimate Survival Model.
o Interest: 1 = 0.05

Table 5.4. Values of a:,j_ql fori =0.05.

X Exact UDD W2 )&‘;ﬁ/ M
145770 145770 145792 14.5770 145770
145506 14.5505 14.5527 14.5506 14.5506
144663 144662 144684 14.4663 14.4663
142028 142024 142048 14.2028  14.2028
134275 134265 134295 134275 13.4275
115117 115104 115144 115117 115117
§2880 872880 82938 82880  8.2889
49242 49281 49335 49242  4.9242
100 24425 24599 24656 24424  2.4424
(2
@ Exact: a( )
x:25]
.(2) UDD
o UDD: a( — w(2)3 — B(2) (1 — E
®) 2P (2)a o —B(2) (1 25Ex)
. (2) . 1
o W2: 3 ~ 3 — = (] — E
== 905 x:25] a ( 25 Ex )



5.13 Functions for select lives
@ T hroughout this chapter we assumed an ultimate survival
model.

@ Results can easily be adapted to the case of a select survival
model.

@ Continuous life annuities and endowment assurances:

o Life annuity:

+km—/ |+k dt

e Endowment insurance:

+km—/ x4k Bixjtkrt T nE[x) 4k

e Relation:
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5.13 Functions for select lives

@ Yearly and 1/ m—thly annuities:

0

é[x]+k — ;) vt t Plx]+k and é[x]+k j—

e Approximations:

e Example 5.6:

e lechnical basis:

e Mortality: Standard Select Survival Model.
@ Interest: /1 = 0.05.

o Assumption: gi31 =1
o Question' Produce a table showing values of é[x], é[ |

x|+1
for x = 20,21, ..., 30.

and

X—|—2
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b.14 Notes and further reading
(read in book)
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