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is observable by the insurer and reflected in the insurance premium. We
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1. Introduction

In risk management, a central objective is to encourage insureds to adjust their behavior in ways
that reduce exposure to risk. Self-protection, a key mechanism in this regard, refers to preventive
efforts aimed at lowering the probability of a loss. The seminal study by Ehrlich and Becker (1972)
established the theoretical foundation for analyzing such behavior, showing that self-protection and
market insurance can be complementary as the premium loading changes when effort is fully reflected
in the premium. When deciding whether and to what extent to engage in self-protection, individ-
uals weigh its costs against its benefits. Knowing how these decisions are made is important for
designing policies and incentives that promote self-protection, benefiting both insurers and insureds.
For related studies on self-protection decision-making, see Chiu (2005), Meyer and Meyer (2011),
Peter (2017), L. Li and Peter (2021), Crainich and Menegatti (2021), Augeraud-Véron and Lean-
dri (2024), Yin and Meng (2025) and J. Li et al. (2025). Besides, the influence of risk preferences
on prevention decisions is well-documented. For instance, Peter (2021a, 2021c) have examined its
role in shaping optimal strategies. Further research explores specific facets such as loss aversion
(Macé & Peter, 2021) and prudence (Chi et al., 2025) in intertemporal models. Interested readers
can refer to Peter (2024b) for more details, which provides a selective survey of the economics of
self-protection.

When self-protection is considered within the framework of insurance pricing, taking preven-
tive efforts can potentially reduce insurance premiums, creating a financial incentive for prevention.
This phenomenon has been studied extensively. Using the Dual Theory of Choice, Courbage (2001)
argued that without proper pricing mechanisms, insureds may favor self-protection over insurance,

CONTACT Yiying Zhang @ zhangyy3@sustech.edu.cn e The corresponding author. Department of Mathematics, Southern
University of Science and Technology, Shenzhen, Guangdong Province 518055, People’s Republic of China

© 2026 Informa UK Limited, trading as Taylor & Francis Group


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/03461238.2026.2622432&domain=pdf&date_stamp=2026-01-28
mailto:zhangyy3@sustech.edu.cn

2 W. HU ET AL.

weakening the risk-sharing function of insurance markets. Building on this, Kelly and Kleffner (2003)
examined a case where a risk-neutral monopolistic insurer sets premiums based on the price elasticity
of demand for coverage. Extending these insights, Bensalem et al. (2020) developed an equilib-
rium model in which the insurer sets the premium and the potential insured determines how
much insurance to purchase and how much to invest in self-protection to reduce the risk. Fol-
lowing this framework, Zeller and Scherer (2023) proposed a Stackelberg game in which both
insurer and insured use distortion risk measures. In the context of peer-to-peer insurance, Z. Chen,
Dhaene, et al. (2024) studied optimal self-protection while accounting for social connections. For
further studies on optimal decision-making in self-protection and insurance demand, see Courbage
and Coulon (2004), Zweifel et al. (2012), Menegatti (2014), Hofmann and Rothschild (2019) and
L. Chen et al. (2026).

In practice, insurers often use cost-sharing mechanisms to incentivize insureds to maintain or
increase preventive efforts, rather than rely solely on insurance compensation, thereby reducing the
insurer’s risk exposure. For example, in health insurance, insurers may provide free smart devices or
dynamic health management programs to enable timely interventions, lowering both the likelihood
and severity of diseases (Khan & Yairi, 2018). For epidemic risks, insurers can offer free precautionary
packages to high-risk policyholders (Cui et al., 2021). Similarly, as noted in Zeller and Scherer (2023),
insurers may provide more affordable cybersecurity services to enhance protection against cyber
threats. In general, the shared costs of self-protection constitute an expense for the insurer. Conse-
quently, insurers must carefully balance the costs of supporting self-protection against the potential
reductions in their own risk exposure.

In this article, we model a mean-variance Stackelberg game between an insured and an insurer
under the self-protection model. The insured exerts preventive effort, which is fully reflected in the
premium pricing and thus reduces the insurance premium. Within this framework, we consider
proportional insurance under a quadratic premium principle,! combined with a cost-sharing mech-
anism for self-protection. First, the insured chooses the optimal insurance coverage and preventive
effort to maximize a mean-variance functional of their wealth. Then, the insurer selects the optimal
cost-sharing proportion to maximize its expected wealth.

The main contributions of this article are as follows:

First, our work provides theoretical results for a mean-variance Stackelberg game with cost-sharing
and a quadratic convex premium principle. We establish the existence of optimal solutions for insur-
ance demand, self-protection effort, and the cost-sharing ratio, and analyze their variations under
different conditions. Explicit expressions for the optimal insurance proportion and protection level
are derived. In particular, the optimal insurance demand can take partial insurance, rather than being
confined to corner solutions such as null or full insurance.

Second, through numerical analysis, we examine how the relationship between market insurance
and self-protection switches between substitution and complementarity as critical factors change,
thereby contributing to the literature on the interaction between insurance demand and preventive
efforts. Our results help design insurance mechanisms that promote insureds’ prevention efforts while
maximizing the interests of both parties. Such mechanisms are key to encouraging proactive risk
management and improving market resilience.

The remainder of the paper is organized as follows. Section 2 introduces the basic setting
and the optimization model. Section 3 analyzes the insured’s problem and derives the opti-
mal insurance demand and self-protection effort. Section 4 studies the insurer’s problem and
determines the optimal cost-sharing coefficient. Section 5 presents numerical results. Section 6
concludes.

T Unlike the expected-value premium principle, the quadratic premium principle, one example of convex premium principles, cap-
tures the benefits of risk pooling, showing that diversifying risks across multiple independent policies can lower the total premium.
For details, see Section 2 and Deprez and Gerber (1985), Kaluszka (2005) and Cao et al. (2024a).
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2. Model setting

In this section, we present the main model setting. We begin by outlining the basic setup, followed
by a discussion of self-protection, the costs of preventive efforts, and the cost-sharing arrangement.
Finally, we formulate the mean-variance Stackelberg game that captures the interaction between the
insured and the insurer.

2.1. Basic setting

Throughout this work, all random variables are defined on a common probability space (X, F, P).
Let X be a non-negative random variable on R4 = [0, +00), representing the aggregate loss faced by
the insured. In this paper, we focus on proportional insurance, in which the indemnity function takes
the form I(x) = ax, with 0 < a < 1. Compared to full insurance, this contract requires the insured
to bear a portion of the total loss when a claim arises, which contributes to the policyholder’s risk
awareness (He et al., 2008; Wu & Colwell, 1988; Zeller & Scherer, 2023).

In exchange for covering the ceded loss I(X), the insurer charges a premium determined by the
quadratic premium principle:

= (I(X)) = E[h(I(X))], (1)

where
17
h(x) = ?sz L Ox, 6,>0, 6, > 1. )

The quadratic premium principle belongs to the class of convex premium principles.? It has become
a common tool in dynamic models of optimal insurance (Cao et al., 2023, 2024b). The expected-
value premium principle arises as a special case when 6, = 0. Although the quadratic premium and
mean-variance premium principles may look similar under certain parameter choices, they are not
equivalent. In particular, E[h(-)] exhibits convexity, whereas the mean-variance premium lacks this
property (Klimaviciute, 2017).

2.2. Self-protection

We now introduce the framework of self-protection, wherein the insured can exert preventive effort to
reduce the probability of a potential loss. Denote the effort by e € R,.. The resulting loss is described
by the non-negative random variable X,, whose distribution is given by

Px, = (1 = p(e))djo; + p(e)Py,

where 0 < p(e) < 1, Jjg) is the Dirac mass at zero, and Py is the distribution of a positive continuous
random variable. Thus, X, equals Y with probability p(e), and equals zero with probability 1 — p(e).
We assume p’(e) < 0 and p”(e) > 0 (Courbage, 2001; Courbage et al., 2017; Crainich & Eeckhoudt,
2017; Hofmann & Peter, 2015), meaning that greater effort reduces the probability of loss, while the
marginal effect of additional effort is decreasing. We further assume 0 < p = p(+o00) andp(0) = p <
1.

We assume that prevention effort is fully observable by the insurer and reflected in premium calcu-
lation. After exerting effort e, the insured faces loss X, and receives coverage I(X,) = aX, in exchange
for a premium:

E[h(I(X.))] = 92_za2E2 [X.] + 1aE[X,]. 3)

2 The convex premium principle is first introduced by Deprez and Gerber (1985) as an extension of the classical premium principle.
Kaluszka (2005) and Cao et al. (2024a) studied optimal reinsurance and insurance design within this framework.
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2.3. Cost of effort

In practice, prevention effort can often be interpreted as services that are directly available in the
market. For example, for cyber risks, firms may purchase cyber-security services which can lower
the probability of data breaches and improve resilience against cyberattacks (Chase et al., 2017; Lin
et al,, 2009; Ram & Sreenivaasan, 2010). For epidemic risks, vaccination programs reduce both the
probability of infection and the expected severity of illness (Z. Chen, Chen, et al., 2024; Hu et al,,
2024; Williams et al., 2021). For health risks, individuals may invest in preventive healthcare (Huang
et al,, 2017; Madubuike et al., 2024; Wang et al., 2016).

Inspired by these examples, we denote c(e) as the cost of prevention effort e, which is increasing
and convex, satisfying c(0) = 0, ¢(e) > 0, and ¢”’(e) > 0. The condition ¢’ (e) > 0 captures the fea-
ture of increasing marginal costs of self-protection: while initial safety measures are relatively easy to
implement, further risk reduction typically requires more sophisticated and costly technologies. The
model configuration is based on the existing literature; see, for example, Courbage (2001), Meyer
and Meyer (2011), Denuit et al. (2016), Peter (2017) and Zeller and Scherer (2023).

In this paper, we assume that the insured can access self-protection services through the insurer,
who enjoys a lower price when purchasing these services. This assumption is reasonable because an
insurer, by aggregating the demand of many insureds, can purchase in bulk. Such bulk purchasing
power allows the insurer to secure quantity discounts from suppliers, who are willing to offer better
terms in exchange for higher volume orders. In contrast, an individual insured’s purchase is typically
at the retail level and lacks such negotiating leverage. This setting reflects economies of scale, an
effect well documented in the literature (see, e.g. Altintas et al., 2008; Corbett & De Groote, 2000; Lee
& Rosenblatt, 1986; Monahan, 1984; Weng, 1995; Zeller & Scherer, 2023).

Accordingly, we assume that the cost of effort e for the insurer is given by c(e), while that for the
insured is fyc(e) with Sy > 1.

2.4. Cost-sharing mechanism

We now introduce the cost-sharing arrangement. Under this arrangement, the insured’s cost consists
of two parts. First, based on the insurance coverage ratio a, the insured can access the corresponding
share of self-protection services at the wholesale price c(e). For this part, the insurer shares a propor-
tion of the effort cost, and the insured bears the remaining fraction § € [0, 1]. The insured’s cost in
this component, Cy, (e), is therefore

Cp, (e) = afc(e). (4)

Second, for the uninsured share (1 — a), the insured must purchase effort directly from suppliers at
the retail price foc(e). The corresponding cost, Cy, (e), is given by

Cp,(e) = (1 = a)Poc(e). ©)
Summing these two parts, the total cost borne by the insured, Cy(e), can be expressed as
Cp(e) = [Bo — a(Bo — B)]c(e). (6)
From (4), it follows that the insurer’s cost share, Cs(e), is
Cs(e) = a(l — p)c(e). (7)

When the insured do not purchase insurance (a = 0), they cannot access any preventive effort
through the insurer and must bear the full cost at the retail price. In this case, Cy(e) = foc(e).
Accordingly, Cs(e) = 0. When the insured purchase full insurance (a = 1), they can obtain all pre-
ventive effort at the wholesale price through the insurer. Hence, Cp,(¢) = fc(e). The insurer covers
the remaining cost, Cs(e) = (1 — f)c(e).
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If the insurer does not share any cost (f = 1), then Cs(e) = 0 and the insured only benefit from the
wholesale price discount. In this case, Cy(e) = [fo — a(fo — 1)]c(e). Conversely, if the insurer fully
covers the cost associated with the coverage proportion (f = 0), then Cs(e) = ac(e), and the insured
pays Cp(e) = fo(1 — a)c(e) for the remaining effort.

This cost-sharing mechanism has a practical foundation. First, the mechanism adopted in this
paper follows Zeller and Scherer (2023), which is based on real-world observations of cyber risk. A
similar structure is used in Cui et al. (2021), where, in the context of epidemic risk, insurers allocate
part of the premium income to subsidize policyholders’ preventive actions, such as vaccination, in
order to maximize their own benefits. In addition, the Shaanxi province has a policy in place that
insurers must invest in accident prevention services, allocating between 18% and 21% of insurance
premiums (Shaanxi, 2025). More discussion and results on the cost-sharing mechanism can be found
in Appendix A.2.

2.5. Mean-variance Stackelberg game

In this section, we describe a Stackelberg game between the insurer and the insured. The insured
acts as the follower, whose decision variables are the insurance demand a and the prevention effort
e. The insurer is the leader with commitment power and can act as a monopolist, thereby preventing
competitors from offering marginally better cost-sharing arrangements® . This allows the insurer to
set a profit-maximizing cost-sharing rate § without facing competition.

The objective of the insured is to maximize a mean-variance functional of terminal wealth given
B. Let the initial wealth of the insured be wy,. The insured’s terminal wealth Wy, is given by

Wy = wp — E[h(I(X,))] — Xe + I(Xe) — Cp(e)
=wp — %zaZJEZ [X.] — 61aE[X,] — (1 — a)X, — Cp(e).

The insured then solves the following optimization problem* :
Problem 2.1

sup  [E[Wy) = Zvarwy 1}, ®)
(e;,a)eR4 x[0,1] 2

where y; measures the insured’s risk aversion.

The objective of the insurer is to maximize its expected terminal wealth, taking into account the
optimal responses a* (/) and e*(f) from the insured. Let the initial wealth of the insurer be w;. The
insurer’s terminal wealth Wj is

Ws = ws + E[h(IXer(5))] — IXer (5)) — Cs(e*(B))
0
=ws+ ?211* (B)’E*[Xer ()] + 010" (B)E[Xer ()| — @™ (B)Xer () — Co(e* (B)).
Accordingly, the insurer solves:

Problem 2.2

max E[W;]. 9)
pelo,1]

3 Insurers often act as both a leader and a monopolist. First, in the actuarial literature on Stackelberg games, the insurer is com-
monly modeled as the leader. Second, in state-monopolized or specialized markets, such as China’s compulsory traffic insurance
or nuclear insurance, one or very few insurers often dominate. Furthermore, in environments where traditional sales channels
dominate and information is not transparent, policyholders struggle to compare prices and terms. This reinforces the insurer’s
position as the absolute leader in product design and pricing, effectively granting it an oligopolistic role.

4 Under the mean-variance objective, the optimal insurance contract is a changing stop-loss. However, due to its mathematical
complexity, we instead consider a proportional insurance contract. Details are given in Appendix A.1.
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In the following two sections, we solve the model by backward induction, starting with the
insured’s problem, followed by the insurer’s.

3. Solution to the insured’s problem

In this section, we solve the insured’s Problem 2.1, which is equivalent to

inf L(e, a), (10)
(e;,a)eR4 x[0,1]

where
L(e,a) = (1 — a)E[X.] + 92—2a2E[Xe]2 + 01aE[X,] + [Bo — a(Bo — B)]c(e) + %Var[(l —a)X,].

We first fix e and solve for the optimal a* (e) that minimizes L(e, a), and then determine e* based on

a*(e).

3.1. Optimal insurance demand under given effort

For any given e, the sub-optimization problem can be given by:
inf L.(a), (11)
ae(0,1]
where
6ra? 2 71
Le(@) = (1 = OE [Xe] + S-E[X.]* +01aE [X.] — a(fo — )cle) + Z-Var [(1 — a)X.].

In the sake of convenience, we denote uo = E[Y], 002 = Var[Y], and Ao = E[Y?]. Define two
functions of e as follows:

(- _ 9
filo=n (ﬂo P(e)ﬂo) + (o ﬁ)p(e)#o,
70 = ~0apleymo + o = P

To establish the main results, we first need the following lemma:

Lemma 3.1: The following statements hold:

o Case(i):IfO, — 1 > yl(% — Do), then there exists a unique 0 < e < esuchthatt; — 1 = f(e)
and 91 -1 :fz(é)
o Case (ii): If6) — 1 < yl(% — puo), then there exists a unique 0 < e such that 6; — 1 = f,(e).
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f2(e)

Case (i)
............... 0—1

Ao _ )

Y1 (_ - p.uo) ; i Case (ii)
Ho /L. ) S0 —— S— 6 —1

™
|
|

—02p10

Figure 1. lllustration of Case (i) and Case (ii).

Proof: The approach for determining e, e, and é is illustrated in Figure 1. Firstly, given the inequality

Var [X,]
>
E [X]

A
= —pleyuo =
Ho

we can conclude that for all e € RT, fi(e) > f2(e). Secondly, since p(e) > 0, p(e) < 0, c(e) > 0, and
d(e) > 0, we also know that f{(e) > 0 and f;(e) > 0. This implies the following results:

minfi(e) = £1(0) = 11 (% - [mo) . minf(e) = £2(0) = —Osppo,

max fi(e) = fi(+00) = o0, maxfr(e) = fr(+00) = +o00.
Thus,if0; — 1 > yl(% — pito), there exists a unique pair 0 < e < e such that
6 —1=fi(e) and 6 —1=f(e).

Alternatively, if 0, — 1 < y 1(% — pio), then there uniquely exists 0 < e such that

O —1=fr(e).

Thus, the lemma is proved.
[ |

By Lemma 3.1, Case (i) corresponds to the scenario of a high marginal price of risk, while Case
(ii) corresponds to a low marginal price. For the sake of clarity, we will specifically refer to these two
scenarios as Case (i) and Case (ii) in the following text. The domain of effort e can be divided into
either [0, ¢], (e, €), and [e, +00) under Case (i), or [0, e) and [e, +00) under Case (ii), depending on
the value of 0;, with thresholds ¢, e, e (as illustrated in Figure 1). This partitioning serves as the basis of
subsequent analysis. The optimization problem is solved within each interval, and the global solution
is obtained by combining these cases.

Based on Lemma 3.1, we now provide the form of the optimal a*(e) for any given e.

Proposition 3.2: For any given effort e € R, the following conditions hold:

o In Case (i), we obtain:
(1) I.fe € [O)Q], then a*(e) = O’
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(2) Ife € (ee), thena*(e) € (0,1) and a*(e) is given by:

(Bo = B)c(e) = (01 — Dp(e) o + y1p(e)do — y1p° (@15

*(e) = : 12
() Op2(e)ud + y1p(e) o — y1p2(e) 12

(3) Ife € [e,4+00), then a*(e) = 1.

o In Case (ii), we obtain:
(1) Ife € [0,e), thena*(e) € (0,1) and is given by Equation (12);
(2) Ife € [e,+00), then a*(e) = 1.

Proof: We begin by calculating the first and second derivatives of L.(a) with respect to a. The results
are as follows:

L,(a) = (61 — 1)p(e) o + rap*(e) g — y1(1 — a)(p(e)do — p*(e)g) — (Bo — B)c(e)s
Ly (a) = 0:p* (@) g + 71 (p(e) 20 — p* () 115),

which implies L”(a) > 0, meaning L.(a) is convex in a. Next, we calculate the minimum and
maximum values of L, (a):

min L,(a) = L,(0) = (&1 — 1)p(e) o — y1(p(e)do — p*(e) i) — (Bo — B)c(e),
max L,(a) = L,(1) = (61 — Dp(e) o + 2p* () 1§ — (Bo — B)c(e).

Based on this, we can determine the optimal solution a* (e) as follows:

(1) If minL,(a) > 0, which is equivalent to 6; — 1 > fi(e), then L/,(a) > 0, and the optimal
value is a*(e) = 0.

(2) If maxL,(a) < 0, which is equivalent to §; — 1 < f,(e), then L,(a) < 0, and the optimal
value is a*(e) = 1.

(3) If minL/(a) < 0 and maxL/(a) > 0, which is equivalent to f,(e) < 61 — 1 < fi(e), then
there exists a unique solution a*(e) € (0, 1), given by:

(Bo — P)c(e) — (01 — DE[X,] + y1Var(X,)

A E[X,]? 4 y1Var(X,)
_ (Bo — B)c(e) — (61 — Dp(e) o + y1p(e)io — y1p* () ui
O2p*(e) uf + 11p(e) Ao — y1p? (€)1

a*(e) =

>

such that L,(a) < 0when a € [0,a*(e)] and L,(a) > 0whena € [a*(e), 1].

Based on Lemma 3.1, we know that f,(e) < fi (e), with:

A _
minfi(e) = 71 (ﬂ—o —puo) ,  maxfi(e) = +o0,
0
minf;(e) = —6xpuo, maxfr(e) = +oo.
Thus, the following cases arise:
e When6; — 1 > Y1 (% —‘I_),u()):
(1) Fore e [0,e],61 — 1 > fi(e) and a*(e) = 0.

(2) Fore € (e, €), f2(e) <01 —1 < fi(e) and a*(e) is given by (12).
(3) Fore € [e,400),6; —1 < fo(e) and a*(e) = 1.
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Case i) Ese ()

0 e e 0 2
(a) High marginal price of risk (b) Low marginal price of risk

Figure 2. Plot of a* (e) with respect to e. (a) High marginal price of risk and (b) Low marginal price of risk.

[ When@l —-1< 71 (% —f),uo):
(1) Fore € [0,e), f2(e) <61 — 1 < fi(e) and a*(e) is given by (12).
(2) Fore € [e,+00),6) —1 < fo(e) and a*(e) = 1.

In conclusion, the infimum of the objective function is achieved at its minimum value, which
implies that a*(e) is the solution to:

inf L.(a) = min L.(a).
€[0,1 ae[0,1]

]

Hence, the proof is finished. u

Proposition 3.2 shows that when the marginal price of risk is relatively high, as illustrated in
Figure 2(a), the optimal insurance choice exhibits three regimes:

(1) For low effort levels (i.e. e < e), no insurance is purchased (i.e. a*(e) = 0);

(2) For intermediate effort (i.e. ¢ < e < e), proportional insurance is chosen (i.e. 0 < a*(e) <
1);

(3) For high effort (i.e. e > e), full insurance is obtained (i.e. a*(e) = 1).

This pattern indicates a complementary relationship between self-protection and insurance
demand, since greater preventive effort is associated with higher coverage.” The complementarity
discussed here concerns the joint behavior of e and a* (e), rather than the equilibrium pair (e*, a*(e*)).

When the marginal price of risk is relatively low, as shown in Figure 2(b), a similar pattern arises:
ife > e the insured opts for full insurance, while ife < € proportional insurance is chosen. The differ-
ence from the previous case is that here a*(e) never collapses to zero, since the lower marginal price
of risk ensures a persistent incentive to buy insurance.

Finally, the thresholds e and e in these two cases are both determined by the condition ; — 1 =
f2(e), which implies that the interior solution for a*(e) given by Equation (12) in Case (i) when e €
(e, €) corresponds exactly to the interior solution in Case (ii) when e € [0, €). Likewise, the boundary
solution a*(e) = 1 in Case (i) for e € [e, +00) corresponds to the boundary solution in Case (ii) for
e € [e, +00).

5 Although this complementarity cannot be established analytically, Figure 3 in Section 5 provides supporting numerical analysis
evidence.
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For any given e, let us define

(Bo — B)c(e) — (1 — Dp(e) o + y1p(e)do — y1p (e)/lo

a*(e) = > >
Op*(e)ud + y1p(e) o — y1p*(e) td

Then, the following expression presents a compact way to denote the optimal insurance demand a* (e)
identified in Proposition 3.2:

o In Case (i), we can obtain:

a*(e) = Igo0)(e) + a*(e)1(ez) (o).

e In Case (ii), we can obtain:
a*(e) = Lizoo)(e) + a*(e)1[oz ().

The findings in Proposition 3.2 are related to Bensalem et al. (2020), Zeller and Scherer (2023), Q.
Lietal. (2025), and S. Chen et al. (2025), but also exhibit important differences. Bensalem et al. (2020)
considered a linear premium principle and employed a distortion risk measure as the objective func-
tion. Since distortion risk measures are positively homogeneous, the resulting objective function is
linear in a, leading to corner solutions where a* is either 0 or 1. In contrast, our framework incorpo-
rates a convex premium function with a variance term, which makes the objective function concave
in a and allows interior solutions with 0 < a* < 1. Moreover, cost-sharing mechanisms were not
considered in Bensalem et al. (2020). Extending that work, Zeller and Scherer (2023) introduced a
cost-sharing arrangement but still relied on distortion risk measures and a homogeneous premium
principle, and therefore also concluded that a* must be 0 or 1.

Q. Li et al. (2025) further generalized the distortion-risk-measure framework to convex premium
principles, under which partial insurance may be optimal in some cases. Our study differs from Q.
Li et al. (2025) in several respects: we adopt mean-variance preferences instead of distortion risk
measures, and we explicitly incorporate the insurer’s profit through an optimal cost-sharing strat-
egy. We consider a Stackelberg game between the insured and the insurer, while the work of Q. Li
et al. (2025) only studied the optimization problem from the perspective of the insured. Finally, S
Chen et al. (2025) examined optimal effort and indemnity design within distortion risk measures
without restricting the functional form of insurance policies. More discussion and results can be
found in Appendix A.2.

3.2. Optimal prevention effort

In this section, we will discuss e* based on the expression for a*(e) derived in the previous section.
The optimization problem can be represented as:

inf Ly« (e), (13)
e€[0,+00)
where
a* 2
Le@ = (1~ a @B %] + 22 DR (x4 00 @E X

+ (B0 = 0" @ (o = P)lete) + S var[(1 = a*(@)Xe].
We now introduce an assumption to establish the main result. We define

H(e) = E[X.] + %Var[Xe]. (14)
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Comparing (14) with the insured’s objective function in (10),

2
L(e,a) = (1 — )E [X.] + %“E [X.]? + 61aE [X.] + [fo — alBo — B)lc(e) + §Var [ — a)X.],

we can see that H(e) corresponds to a special case of L(e, a), namely when market insurance is absent
(a = 0) and the cost of prevention effort is not included. We now introduce the following assumption:

Assumption 3.1: Assume that H'(e¢) < 0 and H”(e) > 0.

Assumption 3.1 states that the objective function in the special case is decreasing and convex func-
tion of effort e. The motivation for Assumption 3.1 is to make the result non-trivial and tractable. First,
H’(e) < 0 guarantees that effort strictly reduces the cost of risk. In the special case without insurance
and without effort costs, this ensures that the optimal choice is ¢* > 0. Without this condition, we
would obtain a corner solution e* = 0. In that case, if we consider effort costs and incorporate insur-
ance, the optimal solution will always be equal to 0 unless the incentive effect of insurance is very
large. This makes the result trivial and makes it difficult to observe whether the effect of insurance on
effort is motivating or disincentivizing. In fact, our assumption shares a similar motivation with the
studies in S. Chen et al. (2025) and Q. Li et al. (2025), it differs in that their assumptions are specifically
based on distortion risk measures, a consequence of their choice of objective function.

From the perspective for distribution, while effort always reduces expected loss E[X,], but its
effect on variance Var[X,] is ambiguous. An increase in variance may still be favorable if, for exam-
ple, the worst-case outcome under effort dominates the best-case outcome without effort. Since the
mean-variance framework treats all variance as undesirable, the assumption H'(e) < 0 enables us to
incorporate such cases of ‘beneficial’ variance. Some examples are provided in Appendix A.3.

In addition, the condition H”(e) > 0 reflects the economic intuition of diminishing returns to
prevention: while initial increases in effort may substantially reduce losses, the incremental bene-
fit diminishes as effort rises further. Together, these conditions allow us to analyze the interaction
between insurance demand and prevention effort in a tractable and economically interpretable way.

We now turn to the solution of problem (13) under Assumption 3.1. The procedure is as follows:
Based on the partitions of the domain of e obtained in Case (i) and Case (ii), we identify the candidate
minimizers {e} } in each interval. We then determine the global optimum e* by selecting among these
local minima.

For convenience, let Ly(e), L;(e), and Ly« (e) denote the objective function L(e, a) evaluated at
a = 0,a = 1,and a = a*(e), respectively, where a*(e) is given by (12). Then

e In Case (i), we introduce the following notations:
(1) For the case e € [0, e], we define ¢j such that

er =arg inf Lg(e),
0 gee[o’d 0()

(2) For the case e € [e, €], we define e} such that:

e] = arg inf_] L+ (e).

eclee
(3) For the case e € [e, +00), we define e} such that

e; = arg inf Lj(e),
e€[e,00)

e In Case (ii), we introduce the following notations:
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(1) For the case e € [0, ¢], we define e] such that:
e} = arg inf Lg(e).
ee[0,2]
(2) For the case e € [, +00), we define &} such that
e; =arg inf Lj(e).
ee[e,00)
Effort level e only arises in Case (i) since only there a*(e) = 0 is possible. In contrast, when 0 <

a*(e) < 1, the minimizers need to be analyzed in both Case (i) and Case (ii). We first discuss ej and
obtain:

Lemma 3.3: In Case (i) under Assumption 3.1, we obtain the following:

. Ifﬁ0<—co,thene0—e,

o If —ﬁ < fo<— /(0) , then there exits a unique e} € (0, €), where e, satisfies
H'(e}) + Poc' (ef) = 0;
o Iffy > C(O),theneo—o

Proof: We know that
L _ V1 2 Y1 -
o(e) = ple) (o + Sh) =@ ug + Boc(e).
Then, we analyze the derivatives of L (e):
Ly(e) = H'(@) + foc'(e),  L§(e) = H'(e) + Boc"(e) > 0.
This shows that L (e) is increasing on the interval [0, e]. We have:
min Ly(e) = Ly(0), maxLy(e) = Ly(e).

Now, considering the three cases:

(1) IfLy(e) < O, thatis Sy < — I;I//—((g, it follows that L;,(e) remains non-positive over the entire

interval [0, e]. This implies that Ly (e) is decreasing on [0, e]. Therefore, ej = e.
(2) TfL}(0) < 0and L)(e) > 0, that is — /(:) < o< -5,

(0, e) where Lj(ef) = 0. Lo(e) is decreasing on [0, ej] and increasing on [ef, e], implying
that ej is the unique minimum in this interval.

(3) If Ly(0) > 0, that is Sy > —%(g)), it follows that Lg(e) is increasing on [0, e]. Therefore,

there must exist a unique e €

eq =0.
Thus, the lemma is proved. [

When a*(e) = 0, the insured retains the entire risk on his own. Then, according to Lemma 3.3,
the pricing factor Sy determines the demand for prevention. If effort is too costly, the individual will
not exert effort. If the price is not excessive, some prevention is in demand (i.e. ¢ > 0). The following
lemma addresses the case a*(e) = 1.



SCANDINAVIAN ACTUARIAL JOURNAL 13

Lemma 3.4: We have

e In Case (i), we can obtain:
(1) IfB =0, then e; = +oc;
(2) Ifo<p < —%W, then there uniquely exits e; € (e, +00), where e} satisfies

(Bau0p(e3) + 1) pop’ (€3) + B (€3) = 05

(3) Ifp > _—(Hzﬂop(EZj(—gl)ﬂop’(é), thene; = e.

o In Case (ii), we can obtain:
(1) Ifp =0, thene; = +oc;
(2) Ifo<p < —%W, then there uniquely exits e; € (e, +00), where €} satisfies
O2100p(&3) + O1) peop’ (€3) + B (€3) = 0;
(3) Ifp > —CLOINEO e g5 =
Proof: We know that

o
Li(e) = 52/13172(6) + Orop(e) + Bele).

Firstly, we consider Case (i). The analysis for Case (ii) follows similarly. We start by analyzing the
derivatives of L; (e):

Li(e) = (Bapop(e) + 01) pop’ (e) + B/ (e),
LY (e) = (Orp0p(e) + 01) pop” (e) + Or1lp’ (€)* + B () > 0.

This shows that L] (e) is increasing on the interval [e, 4+00).
If f = 0, then L) (e) < 0implying €5 = 4o00.If § > 0, given that ¢”(e) > 0, we have:

L} (+00) = +00 > 0.
Now consider two cases:

(1) If L} (e) > 0, that is § > —W, it follows that L;(e) is increasing over the
entire interval [e, +00). This implies ] = e.

) 1f L/1 (e) < 0,thatis f < — W, then there must uniquely exist e] € (e, +00)
such that L} (ef) = 0. L; (e) is decreasing on [e, €] and increasing on [e], +00), implying
e] is the unique minimum in this interval.

Thus, the lemma is proved. n

Lemma 3.4 addresses the scenario where a*(e) = 1. If § = 0, meaning that the insurer covers all
effort costs, the insured will exert an infinite amount of effort. Otherwise, the optimal effort will be
finite. It will either occur at the boundary point e (or €) or within the interval (e, +00) (or (e, +00)).
Next, we analyze the case where a*(e) € (0, 1).

Lemma 3.5: Since Ly« (e) is continuous with respect to e, we can have

o In Case (i), there exists e} in the interval [e, e];
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o In Case (ii), there exists €} in the interval [0, €].

Since Lg+ (e) is continuous on [e, e], Lemma 3.5 follows directly. Now we identify the globally
optimal effort e* as follows.

Theorem 3.6: Under Assumption 3.1, we summarize the globally optimal effort e* as follows:

(1) In Case (i), we have:

e* =arg min
ec{eg,e]-e;

} {Lo(ea), Ly~ (BT), Ly (e;)} :

Here, e}, e}, and €5 are defined in Lemmas 3.3, 3.5 and 3.4.
(2) In Case (ii), we have:
¢" =arg min {Ls(}),L1(&)}.

ec(e}&)

In this case, ] and &} are defined in Lemmas 3.5 and 3.4.

For Case (i), it is straightforward to verify that the scenarios where e} = e or e] = e are equivalent
to ey = eor e = g, respectively. This equivalence arises because Lo(e) and L1 (e) coincide with L+ (e)
on the intervals [0, e] and [e, +-00), respectively, leading to the identities L, (¢) = Lo(e) and L, (e) =
Ly (e).

However, the objective function is not differentiable at e and e. This is because the form of a* (e)
changes at these points, making the left and right derivatives different. Moreover, since L,+ (e) may not
be convex,® we cannot establish sufficient conditions for the existence of unique solution as in Lem-
mas 3.3 and 3.4. Then, the uniqueness of the global optimal solution cannot be guaranteed. Although
we cannot guarantee that e} or e* is unique, the proposition below gives conditions for when e* equals
e} and shows how to compute e].

Proposition 3.7: Under Assumption 3.1, e* can be determined as follows:

e InCase (i), if fo < _I;{’(g and f§ > _(92/1017(527:;1)#017’(5), then * = e

o In Case (ii), if f > —%W, then e* = e7.
In both cases, e* is the solution to the equation:

0" [ap(@)p' @ug + Zp'(@) (2o = 2p(e)a) |
+a" @O = VP ©n0 = 717 @) (2o = 20(@)1E) = (Bo — ) ©)]

+7© (0 + 520 = p@143) + foc' (&) = 0, (15)
where a*(e) is given by Equation (12).

Proof: We first consider Case (i). The proof for Case (ii) is similar. In Case (i), the proof has two steps.
First, we give the condition under which e* = e]. Second, we provide a semi-closed form of e*.

By Lemma 3.3, if Ljj(¢) < 0, then e* > e. By Lemma 3.4, if L] (e) > 0, then e* < e. Hence, if both
Li(e) < 0and L (e) > 0hold, we obtain e* € [e, e]. In this case, the optimal a*(e) € [0, 1] and is given
by (12).

6 This is further substantiated by the numerical results in Figure 6, see Section 5.
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Next, we derive the semi-closed form of e*. The key idea is that, by optimality, e* must satisfy both
the expression for a* (e) and that of e* (a). In other words, it lies at the intersection of e* (a) and a*(e).
Since e* € [e, e], at least one such intersection must exist.

Now we give the expression for e*(a). To proceed, we calculate the derivative of the loss function
L, (e) with respect to e for a given a. We can obtain:

71
2
(1= a)Var'[X.] | + a2 (E'[X.)? + (2aE[Xe] + 01)aE" [X.]

L'(e)=01—-a+60a)E[X,] + 0,a*E[XIE [X.] + [Bo — a(Bo — B)I¢ () + =(1 — a)*Var'[X,],

71
2
+ [ = @)fo + aBlc"(e).

L'(e) = (1 - a) [E”[Xe] +

In the following we prove L) (e) > 0. Since E"[X,] > 0, if Var”[X,] > 0, we have E"[X,] + %1(1 —
a)Var”[X,] > 0.If Var”[X,] < 0,assumption H”(e) > 0 ensures that the first term of L’/ (e) is positive.
Thus, L), (e) > 0, meaning that for any given 4, L (e) is an increasing function of e.

Now, we examine the behavior of L/ (e) at the boundaries:

(1) Ate = 0, we have:
L.(0) = (1 — a) []E/[Xo] + %(1 - a)Var’[Xo]] + (02a*ppo + 010)E [Xo].

Since E'[Xo] < 0and H'(0) = E'[Xo] + 4 Var'[X] < 0, we know that L, (0) < 0.
(2) Ate — +00, we have:

L,(+00) = [fo — a(Bo — p)]c'(+00) > 0.

Thus, for any given g4, there uniquely exists e* (a) € (0, +00) such that L}, (¢*(a)) = 0, and L,(e) is
decreasing in [0, e*(a)] and increasing in [e*(a), +00).

Now, by combining a*(e) and e*(a), we know that the optimal e* satisfies L . (¢)(€) = 0, which can
be rewritten as:

hat
2
—(fo = B)¢ ()] + H'(e) + foc'(e) = 0, (16)

a" (@) [ELCIE ] + 2 Var [X.] | + a*(0) [0 — DE'IX.] — 1 Var'[X.]

where a*(e) is given by Equation (12). Substituting the detailed expressions for E[X,] and Var[X,]
into this equation leads to the desired condition (15).
For Case (ii), the proof follows the same reasoning. [ |

In the following section, we will address the insurer’s problem (2.2) using the pair (a*(e*), e*)
derived in the current section.

4, Solution to the insurer’s problem

In this section, we further analyze the insurer’s problem based on the previously obtained pair
(a*(e*), e*), which depends on the value of . For convenience, we denote this pair as (a* (), e* (§)).
Accordingly, the thresholds that partition the domain of e are also functions of S, that is,
e(p),e(f),e(f). Then, the insurer’s problem (2.2) is equivalent to solving the following optimization
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problem:
sup J(B), a7)
p<l0,1]
where
6> a* 2
15 = ZE PR [y T 4+ 00 = D (BIE [Keri)] = 0" ()1~ et (B).

Before stating the solution of problem (17), we first discuss the uniqueness of (a*(f), e*(#)). In the
previous section, we have shown only the existence of (a*(f), e*(f)), but not its uniqueness. Since
the objective function may not be convex in the decision variables, the uniqueness of the optimal pair
cannot be guaranteed in general. However, in practice, even if Problem 2.1 admits multiple solutions,
one must still choose a specific solution when determining £*.

After selecting (a*(f), e* (£)), the range of e* () partitions the domain of £ into multiple intervals.
Due to the mathematical complexity of e* (5), explicit expressions for these intervals are not available.
Instead, the intervals can only be described implicitly using inequalities that depend on £. This leads
to the following two lemmas:

Lemma 4.1: Consider the objective function J(f) in (17), in Case (i), if 0 < e*(f) < e(p), then J(f)
does not depend on J.

Proof: In Case (i),if 0 < e*(f) < e(f), then a*(ff) = 0 and the objective function satisfies J(f) = 0,
which is independent of 5. The same applies to Case (ii). [

Lemma4.2: Consider the objective function J () in (17). If either of the following two conditions holds:

e InCase (i), e(B) < e*(f) < +o0; or
e In Case (ii), e(f) < e*(f) < 400,

then J(B) is increasing in f3.

Proof: We begin by discussing Case (i). When e(f) < e*(f) < +00, we have a*(f) = 1, and e*(f)
satisfies

Li(e" () = Oapop(e”(B)) + O1) op’ (e* (B)) + ' (" (B)) = . (18)

The objective function takes the form:

0
1(8) = 2 p(& (B ug + 61 = Dp(e (Ao — (1 = Bele” (B)).
We compute the derivative of J(f) with respect to f:

dj(B) _ de*(B)
g~ dp
By (18), we can obtain:
dL(p) _  de*(p)
g dp
Since f < 1 <01 < Guop(e*(B)) + 01, we find that:

[0215p(e* (B))P' (¥ (B)) + (61 — Dpop' (" (B)) — (1 = B)C' (" (B))] + c(e™ ().

[10p' (¥ (B)) + ¢ (" (B)] + (" (B)).

0 * %
o € (B + €€ ) = ap' o) (1 = PLEEIDED) g

B
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Next, we differentiate both sides of Equation (18) with respect to f:

de'(p) _ ¢ (5) o
dp Oru5p' (€* (B))? + (Gap0p(e* (B)) + O op” (e*(B)) + B’ (e*(B))
Thus, we have dla_(;‘ﬁ > 0. Then, Case (ii) can be checked similarly. |

Lemma 4.1 addresses the case where a* () = 0, and Lemma 4.2 considers the case where a* (f) =
1. Lemma 4.2 shows that when the insured buys full coverage, the insurer’s optimal strategy is to
minimize the shared self-protection costs. This conclusion is intuitive, as raising f in this case does
not raise premium income but only increases the insurer’s costs. Conversely, Lemma 4.1 indicates
that if the insured never buys insurance, § does not affect the insurer’s wealth.

Based on Lemmas 4.1 and 4.2, we can characterize f* in some cases.

Theorem 4.3: Consider the insurer’s Problem 2.2, we have

e In Case (i), forall § € [0,1],
(1) If0 < e*(B) < e(B), then the insurer is indifferent over the value of f5;
(2) Ife(p) < e*(P) < e(p), there exists f* in [0,1];
(3) Ife(p) <e*(f) < +oo, then f* = 1.
e In Case (ii), for all § € [0, 1],
(1) If0 < e*(p) < e(P), there exists f* € [0,1];
(2) Ife(p) <e*(f) < 4oo, then f* = 1.

Proof: We begin with Case (i). Results (1) and (3) follow directly from Lemmas 4.1 and 4.2. Result
(2) is also immediate from the continuity of J(f) in f. Case (ii) can be verified similarly. |

The cases in Theorem 4.3 are highly specific. Therefore, we will further investigate the properties
of f* through numerical analysis in Section 5.

5. Numerical analysis

In this section, we will employ numerical analysis to present the theoretical results and demonstrate
conclusions that are challenging to establish theoretically. We will first introduce the parameter set-
tings for the analysis, followed by an examination of the insured’s problem and the insurer’s problem.
For the numerical analysis design, we suppose the random variable Y to follow a Gamma distribution
I'(k,8). The exponentially decaying function p(e) is defined as:

p() = (p—ple ™ +p,

To ensure that Assumption 3.1 holds, we set the parameters as follows: k = 0.35, 8 = 2.5, p = 0.99,
and p = 0.01. We adopt a quadratic cost function defined by:

cle) = é.

The other baseline parameters are set to: 0, = 6.5,6, = 9,y1 = 2, fp = 1.5,and f = 0.8. The param-
eter selection in this paper is not based on empirical data. Instead, it aims to represent diverse
scenarios within a single figure.
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Figure 3. Monotonicity of a*(e) with respect to e.

5.1. Monotonicity of a*(e) with respect to e

Firstly, we investigate the conclusions in Proposition 3.2, particularly the monotonicity of a* (e) with
respect to e. Although Figure 2 illustrates the shape of a*(e), it is only a schematic, and we have not
theoretically proven the monotonicity of a*(e) with respect to e when a*(e) € (0,1). Based on the
parameter values provided earlier, we know that:

Ao -
y1 | — — puo ) = 5.0175.
Ko

We now examine the shape of a* (e) by setting &) = [3,4,5, 6,7, 8]. The results are shown in Figure 3,
where the horizontal axis represents e and the vertical axis represents the values of a*(e). Each of the
six curves in the figure corresponds to a different value of 8;. For 8, = [3, 4, 5], we have:

Ao -
0 —1<yp (——p,uo).
Ho
According to Lemma 3.1, only e exists in this case. For 8, = [6, 7, 8], we have:
Ao -
01 —1> 7y (— _Pﬂo),
Ho

where e and e exist.

Figure 3 shows that, in both cases, a* (e) is increasing in e. Furthermore, for small values of e, a* (e)
exhibits concavity, while as a*(e) approaches 1, it shows convexity. Overall, a* (e) displays an S shape
with respect to e.

This implies that, given a certain level of self-protection, the optimal insurance demand of the
insured increases with effort. The marginal effect of effort on insurance is first increasing, then
decreasing.

5.2. Effect of 01 and 6, on e* and a*(e*)

Now, we analyze the impact of the premium loading factors 6, and 6, on the optimal self-protection
effort level e* and the optimal insurance demand a*(e*). The results are shown in Figure 4, which
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Figure 4. Effect of premium loading on insurance demand and optimal effort. (a) Effect of 6; when &, = 0. (b) Effect of #; when
0, = 3. (c) Effect of 6, when 6, = 6 and (d) Effect of §; when 8, = 9.

contains four subplots corresponding to different values of 8, = [0, 3, 6, 9]. In each subplot, the hor-
izontal axis represents 6;, with a range from 1 to 11. The left vertical axis corresponds to the value of
e, while the right vertical axis represents a(e).

In the figure, the solid blue line illustrates how e* varies with 8;, and we mark the maximum value
of ¢* with a blue diamond. The green dashed line represents e, and the yellow dashed line represents
e or e. Notice that as ) increases, we first encounter the scenario where only é exists, followed by
the scenario where both e and e exist. Therefore, for simplicity, when only e exists, we set e = 0,
which does not contradict our theoretical results. Additionally, since e and e are determined by the
same equation, representing them with the same dashed line is reasonable. We use a solid red line to
indicate a*(e*).

Next, by examining each subplot individually, we observe that e* initially increases with #;, then
decreases, and eventually becomes constant. This indicates that as the premium becomes more expen-
sive, the optimal level of self-protection initially rises, then falls, and finally stabilizes. The last case is
straightforward to understand. From the figures, we see that when e* > ¢, this final situation occurs.
At this point, a*(e*) = 0, which removes f from the objective function L(g,e), so e* no longer
changes.
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Moreover, by comparing e* with the green and yellow dashed lines, we observe that when e*
exceeds e or g, a*(e*) = 1, and when ¢* is below e, a*(e*) = 0. This is consistent with the conclu-
sions in Proposition 3.2. The case where a*(e*) € (0, 1) is more complex. We find that to the left of
the black dashed line, where e* is increasing, a* (e*) decreases. This suggests that as premiums become
more expensive, the optimal level of self-protection increases while the optimal insurance demand
decreases, indicating a substitution effect between self-protection and insurance when premiums are
relatively affordable.

However, to the right of the black dashed line, where e* begins to decrease, a*(e*) continues
to decline. This indicates that as premiums become even more expensive, both the optimal self-
protection level and optimal insurance demand decrease together, suggesting a complementary effect
between self-protection and insurance when premiums are high. Under the cost-sharing mechanism,
our results extend the classical findings in Ehrlich and Becker (1972), showing that self-protection and
market insurance can act as either substitutes or complements even when the effort is fully reflected
in the premium.

Comparing the four subplots, two trends emerge as 6 increases. First, a* (¢*) decreases, which is
intuitive since insurance demand declines as premiums rise. Second, the peak of e* shifts to the left
as 6 increases, indicating that as premiums become more costly, the complementary effect between
self-protection and insurance is more likely to occur. This conclusion aligns with the insights from
observing each subplot individually.

5.3. Effect of g on e* and a*(e*)

In this section, we analyze the effect of the cost-sharing ratio, £, on e* and a* (¢*). The results of the
numerical analysis are shown in Figure 5, which comprises four subplots, each corresponding to a
different value of 6, specifically ; = [3,5,7,9]. In each subplot, the horizontal axis represents the
cost-sharing ratio f, ranging from 0 to 1, while the left vertical axis shows e*, and the right vertical
axis represents a* (e*). The curve types, colors, and corresponding variables in the legend match those
in Figure 4.

Starting with the subplot Figure 5(a), we observe that both a*(e*) and e* decrease as f increases.
This suggests that as the insured’s share of the cost rises, their demand for insurance and willingness to
engage in self-protection both decline. This result is intuitive: on one hand, an increased cost burden
for a given effort level e* discourages the insured party from engaging in self-protection due to the
higher associated expenses. On the other hand, cost-sharing by the insurer serves as an incentive
for the insured party to increase their demand for insurance. Therefore, as the insurer’s share of the
cost decreases, the insured party’s demand for insurance diminishes accordingly. Notably, the joint
decline in both a*(e*) and e* indicates a complementary relationship between insurance demand
and self-protection in this context. While the observation that effort decreases as the cost burden
rises is consistent with the law of demand, prevention can be a Giffen good in extreme cases (see
Peter, 2021b).

Examining subplots 5(b-d), we find that the previously noted relationship between a*(e*) and
e* still holds. Additionally, we observe that the changes in e* with respect to § are not continuous,
leading to jumps in a*(e*) as f varies. Specifically, these jumps occur when the curve representing
e* crosses either the e or € and the e lines. This phenomenon arises because the objective function,
L(a*(e), e), is not convex over the entire range of e. Given that the domain of e is divided into two or
three intervals, the optimal e* corresponds to the local optimum within one of these intervals. As f
changes, e* may shift between different intervals.

An example of this discontinuity is illustrated in Figure 6, which corresponds to the scenario in
subplot Figure 5(d). In this example, as / increases from 0.61 to 0.62, e* jumps from a value above
e to below e. Subplot Figure 6(a) reveals that when f = 0.61, e* is located within the third inter-
val, [e, +00). However, as £ increases to 0.62, ¢* shifts to the first interval, [0, e]. Since L(a*(e), )
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Figure 5. Effect of cost-sharing proportion on insurance demand and optimal effort. (a) Effect of § when 6; = 3. (b) Effect of p
when 6; = 5. (c) Effect of # when 6; = 7 and (d) Effect of # when 8; = 9.

is non-convex, e* will jump between local optima across intervals at certain critical points, moving
from one interval’s local optimum to that of another.

5.4. Effectof y1 on e* and a*(e*)

In this section, we examine the impact of the risk aversion parameter y; on the optimal self-protection
level e* and insurance demand a*(e*). The results are illustrated in Figure 7, which includes four
subplots representing different values of 01, specifically 8, = [3,5,7,9]. Each subplot shows y; on the
x-axis, ranging from 0 to 4, with e* on the left y-axis and a* (¢*) on the right y-axis. The legend follows
the same format as in Figure 4.

From Figure 7, we observe that both e* and a*(e*) increase as y; grows, indicating that higher
risk aversion leads to greater insurance demand and stronger self-protection. This result aligns intu-
itively with expectations and shows a complementary relationship between insurance demand and
self-protection in this context. Additionally, in standard expected utility models, the monotonic rela-
tionship between risk aversion and effort is ambiguous due to opposing forces from risk aversion and
downside risk aversion; see Peter (2025) for more studies.
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As in Figure 5, both e* and a*(e*) exhibit discontinuities, specifically when the curve for e*
intersects with the e or e lines. The underlying reason for these jumps mirrors that in Figure 5: non-
convexities in the objective function across different intervals. We also notice that when the e* curve
intersects the e line, the changes in e* and a* (e*) are continuous but not smooth, with a sudden shift
in growth rates on either side of e. This phenomenon arises because the characteristics of the objec-
tive function change around e. Specifically, on the left of e, a*(e*) is always zero, while on the right,
a*(e*) is a function of both e* and y,. For further details, refer to Proposition 3.2.

5.5. Effect of 6 and 6, on B*

This section analyzes the optimal decision of the insurer, particularly the effects of premium load-
ing parameters 0; and 0, on the optimal cost-sharing ratio, f*. The results are illustrated in Figure 8,
which comprises four subplots corresponding to different values of 6, = [0, 3, 6, 9]. Each subplot con-
sists of two panels, providing insights into the behavior of optimal insurance demand a*(e*), the
optimal self-protection effort *, and the optimal cost-sharing ratio S*.
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The horizontal axis in each subplot represents ¢, ranging from 0 to 15. In the upper panels, the
left vertical axis measures e* at f = f*, while the right vertical axis measures a* (¢*) under the same
condition. The lower panels depict the optimal cost-sharing ratio, £*, on their vertical axis. This lay-
out provides a comprehensive visualization of how changes in premium loading parameters influence
the insurer’s decisions and the resulting behavior of the insured.

As 0; increases, the optimal cost-sharing ratio f* decreases monotonically. This trend indicates
that as the premium rate rises, the insurer opts to bear a larger proportion of the self-protection costs,
thereby reducing the cost burden on the policyholder. As shown in Section 5.2, an increase in 6 sup-
presses policyholders’ insurance demand, leading to a decline in the insurer’s premium income. To
counteract this effect, and as discussed in Section 5.3, the insurer reduces £* to incentivize policy-
holders to purchase more insurance, thereby increasing premium revenue. Consequently, the optimal
cost-sharing ratio f* decreases as ¢ increases.

A comparison of the four subplots reveals an additional pattern: for the same value of 8;, higher
values of 6, correspond to smaller (or at least not larger) values of £*. This suggests that the second
premium loading parameter, 8,, further reinforces the insurer’s incentive to assume a greater share
of self-protection costs as premium loadings rise.

However, when focusing on the upper panels of the subplots, it becomes evident that neither a*(e*)
nor e* exhibits a monotonic relationship with 6; at f# = £*. This complexity highlights the nuanced
interplay between premium parameters and policyholder behavior, suggesting that additional fac-
tors may influence insurance demand and self-protection decisions under varying cost-sharing
conditions.

5.6. Effectof y; on §*

In this section, we analyze the impact of the policyholder’s risk aversion coefficient, y1, on the opti-
mal cost-sharing ratio, £*. While y; does not explicitly appear in the insurer’s objective function, it
indirectly influences f* through its effect on the policyholder’s decisions regarding optimal cover-
age level, a*(e*), and self-protection effort, e*. These interactions play a crucial role in shaping the
insurer’s cost-sharing strategy. The results of this analysis are presented in Figure 9.

Figure 9 consists of four subplots, each corresponding to a different value of 8, specifically
61 = [3,5,7,9]. Within each subplot, two panels provide a comprehensive depiction of the results.
The upper panel illustrates the variation in a*(e*) and e* as y; changes, highlighting how risk aver-
sion influences both the policyholder’s insurance demand and self-protection effort. The lower panel
presents the corresponding changes in the optimal cost-sharing ratio, §*, offering insights into how
the insurer adjusts its cost-sharing strategy in response to variations in policyholder behavior. The
horizontal axis in all subplots represents the range of y;, which spans from 0 to 4. The structure
and legend of Figure 9 are consistent with those of Figure 8, ensuring ease of comparison and
interpretation.

By examining Figure 9, we observe a clear monotonic relationship between £* and y, where £*
increases as y; rises. This indicates that as the policyholder’s level of risk aversion increases, the
insurer assigns a larger share of self-protection costs to the policyholder. This outcome aligns with
the results discussed in Section 5.4, which demonstrate that both a*(e*) and e* increase with higher
levels of y;. From the insurer’s perspective, this adjustment in f* serves to stimulate policyholders’
demand for insurance, thereby increasing premium revenue. Although higher levels of self-protection
effort (e*) reduce premium revenue and increase the cost burden for policyholders, the correspond-
ing increase in premium revenue driven by the rise in f* consistently outweighs the revenue loss
caused by increased e*. As a result, the insurer’s optimal strategy involves raising f* in response to
greater policyholder risk aversion (y1).

Finally, regarding the behavior of a*(e*) and e* when f = #*, the findings are consistent with
those presented in Section 5.5. Specifically, a*(e*) and e* do not exhibit a monotonic relationship
with y;. This suggests that while y; exerts a clear influence on certain parameters, its effect on the
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Figure 9. Effect of premium loading on cost-sharing ratio. (a) Effect of y1 when 6; = 3. (b) Effect of y1 when 6; = 5. (c) Effect of
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optimal levels of a*(e*) and e* is more complex and warrants further exploration to fully capture the
nuances of this interaction.

6. Conclusion

This paper explores a mean-variance Stackelberg game between an insured and an insurer, offer-
ing a comprehensive framework in which the insured can exert effort to reduce the probability
of loss occurring, thereby lowering the insurance premium. The model incorporates proportional
insurance under a quadratic convex premium principle and features a cost-sharing mechanism for
self-protection expenses. In this game, the insurer is leader who strategically chooses the optimal
cost-sharing proportion to maximize its expected wealth. The insured is follower who determines
the optimal levels of insurance coverage and prevention effort, aiming to maximize a mean-variance
functional of their wealth. We derived the explicit expressions for the optimal insurance proportion
and protection level.

Furthermore, we conduct numerical analysis to explore the monotonic relationships between these
variables and key model parameters. The analysis reveal how self-protection and insurance demand
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may act as either complements or substitutes depending on the specific conditions, generalizing the
existing results established in Ehrlich and Becker (1972), Bensalem et al. (2020), S. Chen et al. (2025)
and Q. Li et al. (2025). The study contributes to the design of insurance mechanisms that encourage
policyholders’ prevention efforts and maximize the welfare of both insurers and policyholders, thus
promoting proactive risk management and enhanced market resilience.

Economically, unless a loss reporting stage is explicitly modeled, there may be little room for true
‘incentives’. In our model, information about effort is observable and contractible, and manipulation
or false reporting are not considered. As a result, incentive compatibility and the no-sabotage con-
dition are trivially satisfied. However, in a more general setting where only the insured observes the
actual loss and may choose to misreport its value, the incentive effect of cost-sharing could weaken
significantly. We argue that risk sharing offers a potential solution to this issue. Hu et al. (2025) exam-
ine the role of risk sharing in mitigating ex ante moral hazard in P2P insurance. The study notes that
while risk sharing alleviates moral hazard, it may also lead to free-riding in effort provision.

Several promising research directions remain for future exploration.

First, the assumption of proportional insurance could be relaxed in favor of a more general indem-
nity structure that satisfies the incentive-compatibility condition proposed by Huberman et al. (1983).
In such a framework, proportional insurance may no longer retain its optimality, opening avenues to
analyze alternative contractual forms.

Second, while our model assumes full observability of the insured’s prevention effort by the insurer,
this premise may conflict with real-world scenarios where effort levels are privately held information.
Extending the analysis to incorporate ex ante moral hazard, where the insured selects prevention
efforts contingent on the insurance contract,could yield valuable insights into the interplay between
insurance demand, self-protection, and cost-sharing mechanisms (Parra & Winter, 2013; Seog, 2012;
Seog & Hong, 2024).

A third direction involves examining a Stackelberg game involving one insurer and multiple
insureds whose losses or protective measures exhibit interdependencies. Such a setting could shed
light on strategic interactions under risk correlation, building on frameworks proposed by Muermann
and Kunreuther (2008) and Hofmann and Peter (2015).
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Appendix
A.1 Optimal indemnity function under mean-variance preference

Theorem A.1: Under the mean-variance objective given in Problem 2.1, the optimal indemnity function I* (x) is given by

. x4+ A"+
I'x) = ——, Al
() %+ (A1)
where 1* < 0 uniquely solves
vy [
A=y ( / Sx(x)dx—y)—i—l—é)l. (A2)
y+6 )5y
Proof: Let the indemnity function be I(x), then the premium is
0
m(1(X0) = ZE[F (0] + OEI0)].
Then, the wealth of insured is
Wy =w—r(I(X)) — X+ I(X) — c(e).
The optimization problem is
I"(x) =arg max E[W,]— ZVar[W;,]. (A3)
0<I(x)<x 2

By expanding E[W,,] — %Var[W;,], one can see that solving (A3) is equivalent to maximizing J(I), in which

92+VE
2

J) = — (] + yE[XI] + %Ezm — (61 — DE[I] — y puE[1].

To maximize J(I), first fix E[I] = m € [0, u], where ¢ = E[X]. Then, maximizing J(I), subject to E[I] = m and 0 <
I(X) < X is equivalent to maximizing

0
—%EHZ] +yE[XI]

subject to E[I] = mand 0 < I(X) < X. To that end, we define the Lagrangian L by

L) =

—%%E[IZ] + yE[XI] + A(E[I] — m),

where 4 is the Lagrange multiplier. We rewrite L(I) as follows
+0o0 )
L) = / [—ZTHIZ +yxl+ H] dFx(x) — Am.
0

We can maximize L(I) by maximizing the integrand x-by-x, subject to 0 < I(x) < x. Thus, we can obtain

(yx+ )+ x]A

r = mi
(x) mln[ 0ty

Next, we show that, given m € [0, u], there exists a unique value of A such that
A
m:E[min‘m,xH. (A4)
0 +y
It is easy to obtain that when 4 > 0, we have

A
"% +ooyx+/1
m= xdF x+/ dFx(x),
/0 @+ [, TR

0

and when 4 < 0, we have

+00
yx+ A
m = dF X).

/—]i 0, +y x()

It is easy to check that m is increasing with respect to 4, and increases from 0 to 1 when 1 increases from —oo to +o0.
It follows that (A4) has a unique solution A. Thus, we can maximize J(I) by finding the maximizing value of 1.
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We firstly consider the case where 2 > 0. In this case, we can obtain:
! too 1
YD =m=bit1=yu=2 [ A fwads
& 0ty
It is easy to check that J'(1) < 0 in this case, which implies that the optimal 4 is non-positive. For 1 < 0, we obtain
, +00 1
AD=@ym—0;+1-— —/1/ ——f(x) dx.
J ()= 1 Y )% 92+yf()

Define g(1) = ym —6; + 1 — y u — A, we obtain

, y A
A) = Sx{——)—-1<0.
g =5 X( y)

Thus, it is easy to see that there uniquely exists a A* < 0 that solves g(1) = 0 such that J'(1) is positive for A < 1* and
negative for 1 > 1*. g(4) = 0 implies

+oo )
yx+ 4
dx—0 +1—yu—A=0,
y/_i 02+yf() | s

7

y +00
A= S dx — 1-06,.
S eV MECIR MR

Then, we have proved this theorem. | ]

which can be rewritten as

As shown in Theorem A.1, optimal coverage reduces to I* = x/6, when#; = 1 and y = 0. We thoroughly investigated
the possibility of deriving optimal parameters for the general form defined by (A1). However, the resulting mathemat-
ical complexity precludes a semi-explicit solution. To ensure analytical tractability and to facilitate a clear presentation
of the key economic insights, we have therefore chosen to work with the proportional insurance assumption in the
main analysis. We believe this simplification strikes a balance between generality and clarity.

A.2 Results under the simplified cost-sharing mechanism

We note that the cost-sharing mechanisms in Cui et al. (2021) and Shaanxi (2025) are special cases of our proposed
framework. Specifically, Cui et al. (2021) assumes that when the insured purchases insurance, the insurer covers a fixed
proportion of the effort cost. In the context of our model, this corresponds to defining f € [0,1) ifa> 0,and f =1
if a = 0. Shaanxi (2025) omits price discrimination, which corresponds to Sy = 1 in our setting. In what follows, we
analyze a simpler and more transparent model with § € [0,1)ifa> 0, f = 1ifa = 0,and fp = 1.

We first study Problem (11), to determine the optimal insurance demand a*(e) given a fixed e. The result is as
follows:

Proposition A.2: For any given effort e € R, the optimal insurance demand a* (e) is:

Ife =0, then a*(e) = 0.
Ife € (e,+00), where e uniquely solves:
E[X.] _ 71
Var[X,] 6, -1

then a*(e) is given by:
(01 — DE [X] + y1Var [X]

a*(e) = — 2
020 [Xe]” + y1Var [X]

(A5)

e Ife € (0,e], a*(e) does not exist.
Proof: Under the simplified cost-sharing mechanism, the objective function is defined as
0ra®
Le(@) = (1 -aE[X,] + ZTE [Xe]? + 01aE [X.] + 10,11 (@)Be(e) + Lioy(a)c(e) + %Var (1 —a)X.].
For a = 0, the expression reduces to

L(0) = E[X,] + %vﬂ[xe] + cle).
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Le(a) Le(a)

L.(0)% L.(0)

lim L(a
lim L (a) a0 ()
a—0

(a) Case: e<e (b) Case: e > e

Figure A1. Determination of a*(e) under simple cost-sharing mechanism. (a) Case: e < eand (b) Case: e > e.

For a > 0, it becomes
L) = (1 — a)E[X,] + 622—“215 [X.)% + 01aE [X,] + Bcle) + %Var [ - a)X,].
The first and second derivatives of L.(a) are
Ly(a) = (01 — DE[X,] + 62aE [X,])* — (1 — a)y1 Var [X].
L!(a) = 6,E[X.]* + y1Var [X,] > 0.
Since L/e’ (a) > 0, L/e (a) is strictly increasing in a. Then, we can obtain
max L, (a) = L,(1) = (6 — DE [X,] + 6:E [X,]*> > 0.
min L(a) = L,(0) = (61 — DE [X,] — y1 Var [X].
Therefore,

o If L;(O) > 0, then L.(a) is increasing in a;
e IfL,(0) < 0, then L,(a) first decreases and then increases in a.

E[X]

Given that Vot

is decreasing in e, the condition L/,(0) > 0 is equivalent to e < ¢, where ¢ is the unique solution
to

EX)  n
Var[X,] 6, -1
To avoid trivial cases, we assume such ¢ always exists. Correspondingly, L,(0) < 0 is equivalent to e > e.
Now consider the case where e < e. Since L.(a) is discontinuous at a = 0, and

lim L(a) = E[X.] + %vﬂ[xe] + Be(e) < L(0),

a solution a*(e) = 0 exists only when e = 0, in which case the limit lim,_, L.(a) equals L.(0). For 0 < e < e, no
solution exists. These situation is illustrated in panel (a) of Figure Al.

Next, consider the case where e > e. Here, the optimal demand a*(e) lies in (0,1) and satisfies the first-order
condition L},(a) = 0, which yields:

—(01 = DE [Xe] + 71 Var [X]
620 [X,]* + y1Var [X,]

a*(e) =

The determination of a* (e) in this case is shown in panel (b) of Figure Al. |

We now characterize the monotonicity of the optimal demand a* (e) with respect to e.

Proposition A.3: a*(e) is increasing with e.
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Figure A2. a*(e) under simple cost-sharing mechanism.

Proof: We now analyze the monotonicity of a* (e) with e when it is determined by Equation (A5). We begin by rewriting
the expression as:
61 E[X]

vy — i Vark] T1
a'(e) = ———5——
0 BIX]” | 4
71 Var[X,]
2
It is easy to check that % is decreasing in e, thus, a*(e) is increasing in e. |

Proposition A.2 characterizes the optimal demand a* (e) as follows: it is zero when e = 0, does not exist for e € (0, ¢],
and uniquely exists in (0, 1) for e > g, as given by Equation (A5). Proposition A.3 establishes that a*(e) is increasing in
e. Furthermore, as e — e, we observe that a*(e) — 0.

Two key distinctions emerge compared to a* (e) we obtained in Section 3.1. First, in the simplified model, a*(e) does
not always exist over the entire domain of e. This arises from the discontinuity in the insurer’s share of the effort cost at
a = 0: when the insured purchases insurance, the cost-sharing ratio jumps from 0 to . Second, a*(e) is always strictly
less than 1. This occurs because the insurer’s shared effort cost does not vary with the number of policies a when a > 0.
Consequently, the insured has no incentive to reduce their effort cost by buying more insurance. The shape of a*(e) is
illustrated in Figure A2.

A.3 Some examples satisfying Assumption thm3.1

Now, let us examine the conditions under which Assumption 3.1 holds. By observing the expression for H(e) in
Equation (14), we find that the expectation term always satisfies the following conditions:
dE[X,] PE[X.]

<0 and ——— >0
de 2 de?

Thus, one sufficient condition to ensure Assumption 3.1 to hold depends primarily on the behavior of the variance
term, Var[X,]. If y; is small, Assumption 3.1 is likely satisfied. However, to allow y; to take any value in R, we examine
sufficient conditions for Assumption 3.1, which are:

dVar[X,] d?*Var[X,]
— <0 — >0
de - " de2
These conditions are equivalent to:
P@log + (1= 2p(e)ug] <0,
P @log + (1= 2p(e)ug] =20/ (&) > 0.
Solving these inequalities leads to the following sufficient condition for Assumption 3.1:
% 2’
uy P

Here, we consider an exponentially decaying form of p(e), analyzed under both the Gamma and Pareto distributions.
Let

+2p(e) — 1.

pe) =@ —ple " +p. (A6)
Then we have:
2/ (e)
p"(e)

+2p(e) —1<4p—2p—1.
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Thus, Assumption 3.1 holds if:
2
— = 4p — 23 —1.
Ho

Consider the Gamma distribution T'(k, 0) where 1 = kf and 6} = k62, we can obtain that Assumption 3.1 holds if:

1 _
—>4p—2p—1.
P

For the Pareto distribution P(k, x,,), we have uo = % and of = #’%{_2) Hence, Assumption 3.1 holds if:

1 _
— >4p—-2p—1.
kk—2) - P7
In the following analysis, we consider a rational form of p(e), examining its behavior under both the Gamma and Pareto
distributions. Let

p)=—F——+p.
=
In this case, Assumption 3.1 holds if:
2
Ho
Then, for the Gamma distribution I" (k, ), Assumption 3.1 holds if:
! > 3p 1
P A
For the Pareto distribution P(k, x,,), Assumption 3.1 holds if:
1

k-2 2 PTETL
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